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a b s t r a c t
For αi, βi positive real numbers for all i = 1, . . . , n, we introduce a new integral
operator of analytic functions Iαi, βi (f1, . . . , fn)(z) defined by Iαi, βi (f1, . . . , fn)(z) = z
0
∏n
i=1

f ′i (t)
αi  fi(t)
t
βi
dt . In this paper, we obtain sufficient conditions for this
operator to be in the class N (δ). Furthermore, we determine the order of convexity of
Iαi, βi (f1, . . . , fn)(z).
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and definitions
LetA denote the class of functions of the form:
f (z) = z +
∞−
n=2
anzn (1.1)
which are analytic in the open unit discU = {z : |z| < 1}. Further, by S we shall denote the class of all functions inAwhich
are univalent inU. For a function f (z) ∈ S is said to be starlike of order δ(0 ≤ δ < 1) if it satisfies
Re

zf ′(z)
f (z)

> δ (z ∈ U). (1.2)
Also, we say that a function f (z) ∈ S is said to be convex of order δ(0 ≤ δ < 1) if it satisfies
Re

1+ zf
′′(z)
f ′(z)

> δ (z ∈ U). (1.3)
We denote by S∗(δ) andK(δ) the classes of functions that are starlike of order δ and convex of order δ inU, respectively.
For δ > 1, letN (δ) be the subclass ofA consisting of functions f (z)which satisfy
Re

1+ zf
′′(z)
f ′(z)

< δ (z ∈ U). (1.4)
The classN (δ)was introduced and studied by Nishiwaki and Owa [1].
Let αi, βi be positive real numbers for all i = 1, . . . , n, n ∈ N. Let Iαi, βi : An → A be the integral operator defined by
Iαi, βi(f1, . . . , fn)(z) =
∫ z
0

f ′1(t)
α1  f1(t)
t
β1
· · · f ′n(t)αn  fn(t)t
βn
dt. (1.5)
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Remark 1.1. Note that the integral operator Iαi, βi(f1, . . . , fn)(z) generalizes the following operators introduced and studied
by several authors:
(1) For αi = 0 for all i = 1, . . . , n, we obtain the integral operator
Fn(z) =
∫ z
0

f1(t)
t
β1
· · ·

fn(t)
t
βn
dt (1.6)
introduced and studied by Breaz and Breaz [2].
(2) For βi = 0 for all i = 1, . . . , n, we obtain the integral operator
Fα1,...,αn(z) =
∫ z
0

f ′1(t)
α1 · · · f ′n(t)αn dt (1.7)
introduced and studied by Breaz et al. [3].
(3) For n = 1, α1 = α, β1 = β and f1 = f we obtain the integral operator
Fα,β(z) =
∫ z
0

f ′(t)
α  f (t)
t
β
dt (1.8)
studied in [4] (see also [5]).
(4) For n = 1, α1 = 0, β1 = β and f1 = f ,we obtain the integral operator
Fβ(z) =
∫ z
0

f (t)
t
β
dt (1.9)
studied in [6]. In particular, for β = 1,we obtain Alexander’s integral operator introduced in [7]
I(z) =
∫ z
0
f (t)
t
dt. (1.10)
(5) For n = 1, β1 = 0, α1 = α and f1 = f , we obtain the integral operator
Gα(z) =
∫ z
0

f ′(t)
α dt (1.11)
studied in [8] (see also [9]).
In the present paper, we obtain sufficient conditions for the operator Iαi, βi(f1, . . . , fn)(z) to be in the class N (δ).
Furthermore, we determine the order of convexity of Iαi, βi(f1, . . . , fn)(z).
In order to derive our main results, we have to recall here the following lemmas.
Lemma 1.2 ([10]). If f ∈ A satisfies
Re

1+ zf
′′(z)
f ′(z)

<
3
2
(z ∈ U), (1.12)
then
Re

zf ′(z)
f (z)

<
4
3
(z ∈ U). (1.13)
The result is sharp.
Lemma 1.3 ([11,12]). If f ∈ A satisfies
Re

1+ zf
′′(z)
f ′(z)
− zf
′(z)
f (z)

<
1
2
(z ∈ U), (1.14)
then  zf ′(z)f (z) − 1
 < 1 (z ∈ U). (1.15)
Lemma 1.4 ([13]). If f ∈ A satisfies
Re

1+ zf
′′(z)
f ′(z)

>
 zf ′′(z)f ′(z)
+ 2δ2 − 1δ (z ∈ U), (1.16)
then f (z) ∈ S∗(δ); where 1/2 ≤ δ < 1.
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2. Main results
We begin by proving the following theorem.
Theorem 2.1. Let αi, βi be positive real numbers for all i = 1, . . . , n. If fi ∈ A satisfy
Re

1+ zf
′′
i (z)
f ′i (z)

<
3
2
(z ∈ U), (2.1)
for all i = 1, . . . , n, then the integral operator Iαi, βi(f1, . . . , fn)(z) defined by (1.5) belongs to the class N (λ), where
λ = 12
∑n
i=1 αi + 13
∑n
i=1 βi + 1.
Proof. We begin by setting
h(z) =: Iαi, βi(f1, . . . , fn)(z) =
∫ z
0
n∏
i=1

f ′i (t)
αi  fi(t)
t
βi
dt. (2.2)
From (2.2), it is easy to see that
h′(z) =
n∏
i=1

f ′i (z)
αi  fi(z)
z
βi
(2.3)
and h(0) = h′(0)− 1 = 0. Differentiating both sides of (2.3) logarithmically, we obtain
zh′′(z)
h′(z)
=
n−
i=1
αi

zf ′′i (z)
f ′i (z)

+
n−
i=1
βi

zf ′i (z)
fi(z)
− 1

. (2.4)
Taking the real part of both sides and applying Lemma 1.2, we have
Re

1+ zh
′′(z)
h′(z)

=
n−
i=1
αiRe

1+ zf
′′
i (z)
f ′i (z)

+
n−
i=1
βiRe

zf ′i (z)
fi(z)

+ 1−
n−
i=1
(αi + βi)
<
3
2
n−
i=1
αi + 43
n−
i=1
βi + 1−
n−
i=1
(αi + βi)
= 1
2
n−
i=1
αi + 13
n−
i=1
βi + 1. (2.5)
Therefore, h(z) ∈ N (λ), where λ = 12
∑n
i=1 αi + 13
∑n
i=1 βi + 1. This proves the theorem. 
Putting αi = 0, for all i = 1, . . . , n, in Theorem 2.1, we get the following result.
Corollary 2.2. Let βi be positive real numbers for all i = 1, . . . , n. If fi ∈ A satisfy (2.1) for all i = 1, . . . , n, then the integral
operator Fn(z) defined by (1.6) belongs to the classN
 1
3
∑n
i=1 βi + 1

.
Putting βi = 0, for all i = 1, . . . , n, in Theorem 2.1, we get the following result.
Corollary 2.3. Let αi be positive real numbers for all i = 1, . . . , n. If fi ∈ A satisfy (2.1) for all i = 1, . . . , n, then the integral
operator Fα1,...,αn(z) defined by (1.7) belongs to the classN
 1
2
∑n
i=1 αi + 1

.
Putting n = 1, α1 = α, β1 = β and f1 = f in Theorem 2.1, we get the following result.
Corollary 2.4. Let α, β be positive real numbers. If f ∈ A satisfy (1.12). Then the integral operator Fα,β(z) defined by (1.8) be-
longs to the classN
 1
2α + 13β + 1

.
Making use of Lemma 1.3, we prove the following.
Theorem 2.5. Let 0 ≤ αi ≤ 1 for all i = 1, . . . , n. If fi ∈ A satisfy
Re

1+ zf
′′
i (z)
f ′i (z)
− zf
′
i (z)
fi(z)

<
1
2
(z ∈ U), (2.6)
for all i = 1, . . . , n, then the integral operator defined by
Iαi(f1, . . . , fn)(z) =
∫ z
0
n∏
i=1

f ′i (t)
αi  fi(t)
t
1−αi
dt (2.7)
belongs to the classN (γ ), where γ = 1+ 12
∑n
i=1 αi + n.
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Proof. Define
G(z) =
∫ z
0
n∏
i=1

f ′i (t)
αi  fi(t)
t
1−αi
dt, (2.8)
then from (2.8), we have
zG′′(z)
G′(z)
=
n−
i=1
αi

1+ zf
′′
i (z)
f ′i (z)
− zf
′
i (z)
fi(z)

+
n−
i=1

zf ′i (z)
fi(z)
− 1

. (2.9)
Taking the real part of both sides and applying Lemma 1.3, we obtain
Re

1+ zG
′′(z)
G′(z)

= 1+
n−
i=1
αiRe

1+ zf
′′
i (z)
f ′i (z)
− zf
′
i (z)
fi(z)

+
n−
i=1
Re

zf ′i (z)
fi(z)
− 1

≤ 1+
n−
i=1
αiRe

1+ zf
′′
i (z)
f ′i (z)
− zf
′
i (z)
fi(z)

+
n−
i=1
 zf ′i (z)fi(z) − 1

< 1+ 1
2
n−
i=1
αi + n. (2.10)
Thus, G(z) ∈ N (γ ), where γ = 1+ 12
∑n
i=1 αi + n. 
Putting αi = 0, for all i = 1, . . . , n, in Theorem 2.5, we get the following result.
Corollary 2.6. If fi ∈ A satisfy (2.6) for all i = 1, . . . , n, then the integral operator
 z
0
∏n
i=1

fi(t)
t

dt belongs to the class
N (1+ n).
Putting αi = 1, for all i = 1, . . . , n, in Theorem 2.5, we get the following result.
Corollary 2.7. If fi ∈ A satisfy (2.6) for all i = 1, . . . , n, then the integral operator
 z
0
∏n
i=1

f ′i (t)

dt belongs to the class
N

1+ 32n

.
Finally, we obtain the order of convexity of the integral operator Iαi, βi(f1, . . . , fn)(z) defined by (1.5).
Theorem 2.8. Let αi, βi be positive real numbers for all i = 1, . . . , n. If fi ∈ A satisfy
Re

1+ zf
′′
i (z)
f ′i (z)

>
 zf ′′i (z)f ′i (z)
+ 2δ2 − 1δ (z ∈ U), (2.11)
and
0 ≤ 1+

2δ2 − δ − 1
δ
 n−
i=1
αi + (δ − 1)
n−
i=1
βi < 1, (2.12)
for all i = 1, . . . , n, then the integral operator Iαi, βi(f1, . . . , fn)(z) defined by (1.5) is convex of order 1+

2δ2−δ−1
δ
∑n
i=1 αi+
(δ − 1)∑ni=1 βi; 1/2 ≤ δ < 1.
Proof. Applying Lemma 1.4 to (2.5), we have
Re

1+ zh
′′(z)
h′(z)

=
n−
i=1
αiRe

1+ zf
′′
i (z)
f ′i (z)

+
n−
i=1
βiRe

zf ′i (z)
fi(z)

+ 1−
n−
i=1
(αi + βi)
>
n−
i=1
αi
[ zf ′′i (z)f ′i (z)
+ 2δ2 − 1δ
]
+ δ
n−
i=1
βi + 1−
n−
i=1
(αi + βi). (2.13)
Since
∑n
i=1 αi
 zf ′′i (z)f ′i (z)  > 0 for all i = 1, . . . , n,we thus find from (2.13) that
Re

1+ zh
′′(z)
h′(z)

>
2δ2 − 1
δ
n−
i=1
αi + δ
n−
i=1
βi + 1−
n−
i=1
(αi + βi)
= 1+

2δ2 − δ − 1
δ
 n−
i=1
αi + (δ − 1)
n−
i=1
βi.
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Therefore, h(z) is convex of order 1+

2δ2−δ−1
δ
∑n
i=1 αi+ (δ−1)
∑n
i=1 βi. This completes the proof of the theorem. 
Putting αi = 0, for all i = 1, . . . , n, in Theorem 2.8, we get the following result.
Corollary 2.9. Let βi be positive real numbers for all i = 1, . . . , n. If fi ∈ A satisfy (2.11) for all i = 1, . . . , n, and
0 ≤ 1+ (δ − 1)
n−
i=1
βi < 1, (2.14)
for all i = 1, . . . , n, then the integral operator Fn(z) defined by (1.6) is convex of order 1+ (δ − 1)∑ni=1 βi; 1/2 ≤ δ < 1.
Putting βi = 0, for all i = 1, . . . , n, in Theorem 2.8, we get the following result.
Corollary 2.10. Let αi be positive real numbers for all i = 1, . . . , n. If fi ∈ A satisfy (2.11) for all i = 1, . . . , n, and
0 ≤ 1+

2δ2 − δ − 1
δ
 n−
i=1
αi < 1, (2.15)
for all i = 1, . . . , n, then the integral operator Fα1,...,αn(z) defined by (1.7) is convex of order 1 +

2δ2−δ−1
δ
∑n
i=1 αi; 1/2 ≤
δ < 1.
Putting n = 1, α1 = α, β1 = β and f1 = f in Theorem 2.8, we get the following result.
Corollary 2.11. Let α, β be positive real numbers. If f ∈ A satisfy (1.16) and 0 ≤ 1 +

2δ2−δ−1
δ

α + β(δ − 1) < 1, then
the integral operator Fα,β(z) defined by (1.8) is convex of order 1+

2δ2−δ−1
δ

α + β(δ − 1); 1/2 ≤ δ < 1.
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